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Abstract: We study the concurrence of arbitrary-dimensional multipartite quantum states. An-
alytical lower bounds of concurrence for tripartite quantum states are derived by projecting high-
dimensional states to 2 ⊗ 2 ⊗ 2 substates. The results are then generalized to arbitrary multipartite
quantum systems. Furthermore, the scheme enables us obtain lower bounds of concurrence for ar-
bitrary four-partite quantum states by projecting high-dimensional states to arbitrary given lower
dimensional substates. By detailed examples we show that our results improve the existing lower
bounds of concurrence.
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1. Introduction
Quantum entanglement is a crucial feature of quantum mechanics. Entangled states are
widely used in quantum information processing and quantum computation [1], such as quan-
tum cryptographic schemes [2], entanglement swapping [3,4], quantum teleportation [5], dense
coding [6] and so on.
The concurrence is one of the important measures of quantum entanglement. However,
although concurrence is defined for arbitrary dimensional mixed quantum states, it is not
easy to compute due to the extremum involved in the calculation. So far no explicit analytic
formulae of concurrence have been found for systems larger than a pair of qubits [7], except
for some special high dimensional bipartite symmetric states [8-11]. In terms of the substates
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and the generalized partial transposition criterion, analytical lower bounds of concurrence were
presented for tripartite quantum systems [12-14]. Analytical lower bounds of concurrence for
four-partite quantum states were provided in [15,16]. In Ref. [17], the authors derived a
lower bound of concurrence for qubit quantum states. The lower bounds of concurrence in
terms of sub-states for tripartite quantum states were studied in [18], but the tripartite states
were in the same dimensional systems. A generalized formula of concurrence for n-dimensional
quantum systems was presented in [19]. Using the properties of the generalized concurrence, the
entanglement of formation and the separability of high dimensional mixed states can be studied.
An explicit lower bound of the concurrence for multipartite quantum states was derived in [20].
Considerable efforts have been devoted to multipartite concurrence [21,22]. Nevertheless, few
analytic formulae for multipartite concurrence are known due to its complexity compared with
bipartite cases.
In this paper, we study the lower bounds of concurrence for multipartite mixed quantum
states. In Section 2, by projecting high-dimensional states to 2 ⊗ 2 ⊗ 2 three-qubit substates
and using the monogamy property of concurrence, we present an analytical lower bound of con-
currence for any tripartite quantum state. The results are generalized to arbitrary multipartite
systems. In Section 3, we project a high-dimensional four-partite quantum state to lower-
dimensional ones and obtain a lower bound of concurrence for four-partite quantum states. By
a detailed example we show that our results improve the existing lower bounds of concurrence.
Comments and conclusions are given in Section 4.
2. Lower bound of concurrence for multipartite systems
from qubits substates
Let Hi, i = 1, 2, · · · , N , be di-dimensional Hilbert spaces. The concurrence of an N -partite
quantum pure state |ϕ〉 ∈ H1 ⊗ H2 ⊗ · · · ⊗HN is defined by [11],
CN(|ϕ〉) = 21−N2
√
(2N − 2)−
∑
α
tr(ρ2α), (1)
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where the index α labels all 2N−2 subsystems of the N -partite quantum system and ρα are the
reduced density matrices of ρ = |ϕ〉〈ϕ|, ρα = trα¯(ρ), α ⊂ {1, 2, · · · , N}, α¯ is the compliment
of α. For a mixed multipartite quantum state ρ =
∑
i pi|ϕi〉〈ϕi| ∈ H1 ⊗ H2 ⊗ · · · ⊗ HN , the
concurrence is given by the convex roof,
CN(ρ) = min{pi,|ϕi〉}
∑
i
piCN(|ϕi〉〈ϕi|), (2)
where the minimum is taken over all possible convex partitions of ρ into pure state ensembles
{pi, |ϕi〉}, 0 ≤ pi ≤ 1 and
∑
i pi = 1.
For an N -partite quantum pure state |ϕ〉 ∈ H1 ⊗ H2 ⊗ · · · ⊗ HN , consider the general
M-partite decomposition of |ϕ〉, {M1,M2, ...,Mj}, with Mk partitions, k = 1, 2, ..., j, each
containing k subspaces of N :
∑j
k=1Mk = M ,
∑j
k=1 kMk = N . The concurrence of the state
|ϕ〉 under such M-partite partition is given by
CM(|ϕ〉) = 21−M2
√
(2M − 2)−
∑
β
tr(ρ2β), (3)
where β ∈ {M1,M2, ...,Mj}.
We first consider the concurrence for tripartite quantum systems. A pure tripartite quantum
state |ϕ〉d1⊗d2⊗d3 ∈ H1⊗H2⊗H3 with the dimensions d1, d2 and d3, respectively, is of the form
|ϕ〉d1⊗d2⊗d3 =
d1∑
i=1
d2∑
j=1
d3∑
k=1
aijk|ijk〉, (4)
where aijk ∈ C,
∑
ijk aijka
∗
ijk=1. The squared concurrence of |ϕ〉d1⊗d2⊗d3 , C23(|ϕ〉d1⊗d2⊗d3), is
given by [14],
C23(|ϕ〉d1⊗d2⊗d3) =
1
2
d1∑
i,p=1
d2∑
j,q=1
d3∑
k,t=1
(|aijkapqt − aijtapqk|+ |aijkapqt − aiqkapjt|
+ |aijkapqt − apjkaiqt|).
(5)
We project the tripartite state |ϕ〉d1⊗d2⊗d3 to (three-qubit) substates |ϕ〉2⊗2⊗2 given by
|ϕ〉2⊗2⊗2 =
∑
i∈{i1,i2}
∑
j∈{j1,j2}
∑
k∈{k1,k2}
aijk|ijk〉, (6)
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where i1 6= i2 ∈ 1, ..., d1, j1 6= j2 ∈ 1, ..., d2, k1 6= k2 ∈ 1, ..., d3. There are
(
d1
2
)(
d2
2
)(
d3
2
)
=
d1d2d3(d1−1)(d2−1)(d3−1)
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different substates. By using Eq.(5) we have
C23 (|ϕ〉d1⊗d2⊗d3) =
d21d
2
2d
2
3
8d1d2d3(d1 − 1)(d2 − 1)(d3 − 1)
∑
C23(|ϕ〉2⊗2⊗2)
≥ 1
(d1 − 1)(d2 − 1)(d3 − 1)
∑
C23(|ϕ〉2⊗2⊗2). (7)
For a mixed state ρd1⊗d2⊗d3 , the corresponding three-qubit substates ρ2⊗2⊗2 have the following
form,
ρ2⊗2⊗2 =


ρi1j1k1 ,i1j1k1 ρi1j1k1 ,i1j1k2 · · · ρi1j1k1 ,i2j2k1 ρi1j1k1 ,i2j2k2
ρi1j1k2 ,i1j1k1 ρi1j1k2 ,i1j1k2 · · · ρi1j1k2 ,i2j2k1 ρi1j1k2 ,i2j2k2
ρi1j2k1 ,i1j1k1 ρi1j2k1 ,i1j1k2 · · · ρi1j2k1 ,i2j2k1 ρi1j2k1 ,i2j2k2
...
...
...
...
...
ρi2j1k2 ,i1j1k1 ρi2j1k2 ,i1j1k2 · · · ρi2j1k2 ,i2j2k1 ρi2j1k2 ,i2j2k2
ρi2j2k1 ,i1j1k1 ρi2j2k1 ,i1j1k2 · · · ρi2j2k1 ,i2j2k1 ρi2j2k1 ,i2j2k2
ρi2j2k2 ,i1j1k1 ρi2j2k2 ,i1j1k2 · · · ρi2j2k2 ,i2j2k1 ρi2j2k2 ,i2j2k2


, (8)
which are unnormalized mixed ones.
A lower bound of concurrence for tripartite quantum states is given by the following result.
Theorem 1. For any d1 ⊗ d2 ⊗ d3 tripartite quantum mixed state ρd1⊗d2⊗d3, the concurrence
C3(ρd1⊗d2⊗d3) satisfies
C3(ρd1⊗d2⊗d3) ≥
1√
(d1 − 1)(d2 − 1)(d3 − 1)
[
∑ 2∑
m=1
3∑
n>m
C2mn(ρ2⊗2⊗2)]
1
2 , (9)
where
∑
sums over all possible 2⊗ 2⊗ 2 mixed substates ρ2⊗2⊗2.
Proof. For a pure quantum state |ϕ〉2⊗2⊗2, according to (1) and (3) one has
C23(|ϕ〉2⊗2⊗2) =
1
2
(C21|23(|ϕ〉2⊗2⊗2) + C22|13(|ϕ〉2⊗2⊗2) + C23|12(|ϕ〉2⊗2⊗2)). (10)
The monogamy relation of concurrence [14] implies that
C2i|jk(|ϕ〉2⊗2⊗2) ≥ C2ij(|ϕ〉2⊗2⊗2) + C2ik(|ϕ〉2⊗2⊗2), i 6= j 6= k = 1, 2, 3. (11)
Therefore,
C23(|ϕ〉2⊗2⊗2) ≥ C212(|ϕ〉2⊗2⊗2) + C213(|ϕ〉2⊗2⊗2) + C223(|ϕ〉2⊗2⊗2). (12)
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From (7) and (12), we obtain
C23(|ϕ〉d1⊗d2⊗d3) ≥
1
(d1 − 1)(d2 − 1)(d3 − 1)
∑
C23 (|ϕ〉2⊗2⊗2)
≥ 1
(d1 − 1)(d2 − 1)(d3 − 1)
∑ 2∑
m=1
3∑
n>m
C2mn(|ϕ〉2⊗2⊗2).
(13)
For a mixed state ρd1⊗d2⊗d3 = Σipi|ϕi〉〈ϕi|, we have
C3(ρd1⊗d2⊗d3) = min
∑
i
piC3(|ϕi〉d1⊗d2⊗d3)
≥ min 1√
(d1 − 1)(d2 − 1)(d3 − 1)
∑
i
pi(
∑ 2∑
m=1
3∑
n>m
C2mn(|ϕi〉2⊗2⊗2))
1
2
≥ min 1√
(d1 − 1)(d2 − 1)(d3 − 1)
[
∑
(
∑
i
pi
2∑
m=1
3∑
n>m
C2mn(|ϕi〉2⊗2⊗2))2]
1
2
≥ 1√
(d1 − 1)(d2 − 1)(d3 − 1)
[
∑ 2∑
m=1
3∑
n>m
(min
∑
i
piC
2
mn(|ϕi〉2⊗2⊗2))2]
1
2
=
1√
(d1 − 1)(d2 − 1)(d3 − 1)
[
∑ 2∑
m=1
3∑
n>m
C2mn(ρ2⊗2⊗2)]
1
2 ,
(14)
where we have used the Minkowski inequality (
∑
j(
∑
i xij)
2)
1
2 ≤ ∑i(∑j x2ij) 12 in the second
inequality, the minimum is taken over all possible pure state decompositions of the mixed state
ρd1⊗d2⊗d3 in the first three minimizations, while the minimum in the last inequality is taken
over all pure state decompositions of ρ2⊗2⊗2.
Remark 1. Theorem 1 in [18] gives the lower bound of quantum states in a tripartite
quantum system with subsystem dimensions N, respectively. We study the lower bound of
concurrence of tripartite quantum states in a quantum system with different dimensions. And
when m = 2, the lower bound of concurrence in our Theorem 1 is smaller than Theorem 1 in
[18]. Theorem 2 in [16], the authors derive the bound of concurrence for 2 ⊗ 2 ⊗ 4 quantum
states, i.e, C3(ρ2⊗2⊗4) ≥ 13
∑
C23 (ρ2⊗2⊗2), thus our Theorem 1 is a generalization of the Theorem
2 given in [16].
Next we consider the lower bound of concurrence for four-partite quantum systems. We first
consider a pure bipartite quantum state |ϕ〉d1⊗d2 =
∑d1
i=1
∑d2
j=1 aij |ij〉, where aij ∈ C,
∑
ij aija
∗
ij
5
= 1. The concurrence of |ϕ〉d1⊗d2 can be written as C2(|ϕ〉d1⊗d2) =
∑d1
i,p=1
∑d2
j,q=1 |aijapq −
apjaiq|2. The projected two-qubit substates of |ϕ〉d1⊗d2 are of the form, |ϕ〉2⊗2 =
∑
i∈{i1,i2}
∑
j∈{j1,j2}
aij |ij〉, where i1 6= i2 ∈ 1, ..., d1 and j1 6= j2 ∈ 1, ..., d2. For a pure bipartite quantum state
|ϕ〉d1⊗d2 , similar to (7), we have
C2(|ϕ〉d1⊗d2) ≥
1
(d1 − 1)(d2 − 1)
∑
C2(|ϕ〉2⊗2), (15)
where the summation runs over all possible 2⊗ 2 pure sub-states |ϕ〉2⊗2.
For any mixed quantum state ρ ∈ H1⊗H2⊗H3⊗H4, the concurrence is bounded by [16]
C24 (ρ) ≥
1
12
(2C21|2|34(ρ) + 2C
2
1|3|24(ρ) + 2C
2
1|4|23(ρ) + 2C
2
12|3|4(ρ) + 2C
2
13|2|4(ρ)
+ 2C214|2|3(ρ) + C
2
12|34(ρ) + C
2
13|24(ρ) + C
2
14|23(ρ)).
(16)
From (7), (15) and (16), we have the following theorem:
Theorem 2. For any d1 ⊗ d2 ⊗ d3 ⊗ d4 mixed quantum state ρd1⊗d2⊗d3⊗d4, the concurrence
C4(ρd1⊗d2⊗d3⊗d4) satisfies
C24 (ρd1⊗d2⊗d3⊗d4) ≥
1
12
(
∑
ρ1|2|34
2
(d1 − 1)(d2 − 1)(d3 + d4 − 1)C
2
3(ρ2⊗2⊗2)
+
∑
ρ1|3|24
2
(d1 − 1)(d3 − 1)(d2 + d4 − 1)C
2
3(ρ2⊗2⊗2) +
∑
ρ1|4|23
2
(d1 − 1)(d4 − 1)(d2 + d3 − 1)
C23 (ρ2⊗2⊗2) +
∑
ρ12|3|4
2
(d3 − 1)(d4 − 1)(d1 + d2 − 1)C
2
3(ρ2⊗2⊗2)
+
∑
ρ13|2|4
2
(d2 − 1)(d4 − 1)(d1 + d3 − 1)C
2
3(ρ2⊗2⊗2) +
∑
ρ14|2|3
2
(d2 − 1)(d3 − 1)(d1 + d4 − 1)
C23 (ρ2⊗2⊗2) +
∑
ρ12|34
1
(d3 + d4 − 1)(d1 + d2 − 1)C
2(ρ2⊗2)
+
∑
ρ13|24
1
(d2 + d4 − 1)(d1 + d3 − 1)C
2(ρ2⊗2) +
∑
ρ14|23
1
(d2 + d3 − 1)(d1 + d4 − 1)C
2(ρ2⊗2)).
(17)
Next we consider the case of N ≥ 5. For any N -qubits (N ≥ 5) mixed state ρ, the
concurrence C(ρ) satisfies [17]
C2(ρ) ≥ N
2N−2
N−1∑
i=1
N∑
j>i
C2ij(ρ). (18)
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A pure N -partite quantum state |ϕ〉d1⊗d2⊗···⊗dN ∈ H1 ⊗H2⊗ · · · ⊗HN with the dimensions d1,
d2, · · · , dN , respectively, has the form,
|ϕ〉d1⊗d2⊗···⊗dN =
d1∑
r1=1
d2∑
r2=1
· · ·
dN∑
rN=1
ar1r2···rN |r1r2 · · · rN〉, (19)
where ar1r2···rN ∈ C,
∑
r1r2···rN ar1r2···rNa
∗
r1r2···rN = 1. Hence we get
C2(|ϕ〉d1⊗d2⊗···⊗dN )
=
1
2N−2
d1∑
r1,h1=1
d2∑
r2,h2=1
· · ·
dN∑
rN ,hN=1
(|ar1r2···rNah1h2···hN − ah1r2···rNar1h2···hN |2 + · · ·
+|ar1r2···rNah1h2···hN − ar1r2···hNah1h2···rN |2.
(20)
According to (18) and (20), using the similar method to Theorem 1 we can generalize our result
to N -partite quantum systems as follows:
Theorem 3. For any d1 ⊗ d2 ⊗ · · · ⊗ dN N-partite (N ≥ 5) mixed state ρd1⊗d2⊗···⊗dN , the
concurrence CN(ρd1⊗d2⊗···⊗dN ) satisfies
C2N(ρd1⊗d2⊗···⊗dN ) ≥
N
2N−2(d1 − 1)(d2 − 1) · · · (dN − 1)
∑ N−1∑
i=1
N∑
j>i
C2ij(ρ2⊗2⊗···⊗2),
where
∑
represents the sum of all possible 2⊗ 2⊗ · · · ⊗ 2 mixed substates ρ2⊗2⊗···⊗2.
Example 1. We consider the three-qutrit state,
ρGGHZ =
x
27
I27 + (1− x)|GGHZ〉〈GGHZ|, (21)
where |GGHZ〉 = (|000〉+ |111〉+ |222〉)/√3 is a generalized GHZ state and 0 ≤ x ≤ 1. By
Theorem 1, we get C3(ρ) ≥ 3
√
2(11x−9)
4(5x−9) . Fig. 1 shows that this lower bound can detect the
entanglement of |GGHZ〉 for 0 < x < 9
11
.
3. Lower bound of concurrence for multipartite systems
from qudits substates
In this section, we study lower bound of concurrence for multipartite quantum systems based
on qudits substates. We focus on four-partite quantum states. A pure four-partite quantum
7
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Fig. 1: Lower bound of C(ρ) for 0 ≤ x ≤ 9
11
.
state |ϕ〉d1⊗d2⊗d3⊗d4 ∈ H1 ⊗H2 ⊗H3 ⊗H4 with the dimensions d1, d2, d3 and d4, respectively,
has the form
|ϕ〉d1⊗d2⊗d3⊗d4 =
d1∑
i=1
d2∑
j=1
d3∑
k=1
d4∑
r=1
aijkr|ijkr〉, (22)
where aijkr ∈ C,
∑
ijkr aijkra
∗
ijkr = 1. Denote ρd1⊗d2⊗d3⊗d4 = |ϕ〉〈ϕ| and I0 =
∑
ijkr aijkra
∗
ijkr,
we have
I20 − tr(ρ21) =
1
2
d1∑
i,p=1
d2∑
j,q=1
d3∑
k,t=1
d4∑
r,h=1
|aijkrapqth − apjkraiqth|2,
I20 − tr(ρ22) =
1
2
d1∑
i,p=1
d2∑
j,q=1
d3∑
k,t=1
d4∑
r,h=1
|aijkrapqth − aiqkrapjth|2,
I20 − tr(ρ23) =
1
2
d1∑
i,p=1
d2∑
j,q=1
d3∑
k,t=1
d4∑
r,h=1
|aijkrapqth − aijtrapqkh|2,
I20 − tr(ρ24) =
1
2
d1∑
i,p=1
d2∑
j,q=1
d3∑
k,t=1
d4∑
r,h=1
|aijkrapqth − aijkhapqtr|2,
I20 − tr(ρ212) =
1
2
d1∑
i,p=1
d2∑
j,q=1
d3∑
k,t=1
d4∑
r,h=1
|aijkrapqth − aijthapqkr|2,
I20 − tr(ρ213) =
1
2
d1∑
i,p=1
d2∑
j,q=1
d3∑
k,t=1
d4∑
r,h=1
|aijkrapqth − apjtraiqkh|2,
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I20 − tr(ρ214) =
1
2
d1∑
i,p=1
d2∑
j,q=1
d3∑
k,t=1
d4∑
r,h=1
|aijkrapqth − apjkhaiqtr|2. (23)
From Eq. (1), we get
C2(|ϕ〉d1⊗d2⊗d3⊗d4)
= 1
4
∑d1
i,p=1
∑d2
j,q=1
∑d3
k,t=1
∑d4
r,h=1(|aijkrapqth − apjkraiqth|2 + |aijkrapqth − aiqkrapjth|2
+|aijkrapqth − aijtrapqkh|2 + |aijkrapqth − aijkhapqtr|2 + |aijkrapqth − apqkraijth|2
+|aijkrapqth − apjtraiqkh|2 + |aijkrapqth − apjkhaiqtr|2).
(24)
For a pure state |ϕ〉d1⊗d2⊗d3⊗d4 , its s⊗ s⊗ s⊗ s pure substates |ϕ〉s⊗s⊗s⊗s are of the form,
|ϕ〉s⊗s⊗s⊗s =
∑is
i=i1
∑js
j=j1
∑ks
k=k1
∑rs
r=r1
aijkr|ijkr〉 = G1 ⊗ G2 ⊗ G3 ⊗ G4|ϕ〉d1⊗d2⊗d3⊗d4 , where
G1 =
∑is
i=i1
|i〉〈i|, G2 =
∑js
j=j1
|j〉〈j|, G3 =
∑ks
k=k1
|k〉〈k| and G4 =
∑rs
r=r1
|r〉〈r|, is ≤ d1, js ≤ d2,
ks ≤ d3 and rs ≤ d4, are the projectors to s-dimensional subspaces, respectively.
Theorem 4. For a four-partite mixed quantum state ρd1⊗d2⊗d3⊗d4 ∈ H1 ⊗ H2 ⊗ H3 ⊗ H4,
d1 ≤ d2 ≤ d3 ≤ d4, the concurrence C(ρd1⊗d2⊗d3⊗d4) is bounded by
C2(ρd1⊗d2⊗d3⊗d4) ≥
1(
d1−2
s−2
)(
d2−2
s−2
)(
d3−1
s−1
)(
d4−1
s−1
)∑C2(ρs⊗s⊗s⊗s), (25)
where 2 ≤ s ≤ d1,
(
di−2
s−2
)
= (di − 2)!/((di − s)!(s − 2)!), i = 1, · · · , 4,
∑
stands for summing
over all possible s⊗ s⊗ s⊗ s mixed subtates ρs⊗s⊗s⊗s.
Proof. Consider the terms on the right hand side of Eq.(24):
|ai0j0k0r0ap0q0t0h0 − ap0j0k0r0ai0q0t0h0|2, i0 6= p0. (26)
When j0 6= q0, k0 6= t0 and r0 6= h0, there are
(
d1−2
s−2
)(
d2−2
s−2
)(
d3−2
s−2
)(
d4−2
s−2
)
different s⊗ s⊗ s⊗ s
substates. We have |ϕ〉s⊗s⊗s⊗s = G1⊗G2⊗G3⊗G4|ϕ〉d1⊗d2⊗d3⊗d4 , where G1 = |i0〉〈i0|+|p0〉〈p0|+∑is
i=i3
|i〉〈i|, G2 = |j0〉〈j0| + |q0〉〈q0| +
∑js
j=j3
|j〉〈j|, G3 = |k0〉〈k0| + |t0〉〈t0| +
∑ks
k=k3
|k〉〈k| and
G4 = |r0〉〈r0|+ |h0〉〈h0|+
∑rs
r=r3
|r〉〈r| with is ≤ d1, js ≤ d2, ks ≤ d3 and rs ≤ d4 respectively.
When j0 6= q0, k0 = t0 and r0 = h0, we have
(
d1−2
s−2
)(
d2−2
s−2
)(
d3−1
s−1
)(
d4−1
s−1
)
different s⊗ s⊗ s⊗ s
substates. We have |ϕ〉s⊗s⊗s⊗s = G1 ⊗ G2 ⊗ G3′ ⊗ G4′ |ϕ〉d1⊗d2⊗d3⊗d4, where G3′ = |k0〉〈t0| +∑ks
k=k2
|k〉〈k| and G4′ = |r0〉〈h0|+
∑rs
r=r2
|r〉〈r|.
9
When j0 = q0, k0 6= t0 and r0 = h0, there are
(
d1−2
s−2
)(
d2−1
s−1
)(
d3−2
s−2
)(
d4−1
s−1
)
different s⊗ s⊗ s⊗ s
substates. We have |ϕ〉s⊗s⊗s⊗s = G1 ⊗ G2′ ⊗ G3 ⊗ G4′|ϕ〉d1⊗d2⊗d3⊗d4 , where G2′ = |j0〉〈q0| +∑js
j=j2
|j〉〈j|.
When j0 = q0, k0 = t0 and r0 6= h0, there are
(
d1−2
s−2
)(
d2−1
s−1
)(
d3−1
s−1
)(
d4−2
s−2
)
different s⊗ s⊗ s⊗ s
substates. We have |ϕ〉s⊗s⊗s⊗s = G1 ⊗G2′ ⊗G3′ ⊗G4|ϕ〉d1⊗d2⊗d3⊗d4 .
When j0 6= q0, k0 6= t0 and r0 = h0, there are
(
d1−2
s−2
)(
d2−2
s−2
)(
d3−2
s−2
)(
d4−1
s−1
)
different s⊗ s⊗ s⊗ s
substates. We have |ϕ〉s⊗s⊗s⊗s = G1 ⊗G2 ⊗G3 ⊗G4′ |ϕ〉d1⊗d2⊗d3⊗d4 .
When j0 6= q0, k0 = t0 and r0 6= ho, we have
(
d1−2
s−2
)(
d2−2
s−2
)(
d3−1
s−1
)(
d4−2
s−2
)
different s⊗ s⊗ s⊗ s
substates. We have |ϕ〉s⊗s⊗s⊗s = G1 ⊗G2 ⊗G3′ ⊗G4|ϕ〉d1⊗d2⊗d3⊗d4 .
When j0 = q0, k0 6= t0 and r0 6= h0, we can get
(
d1−2
s−2
)(
d2−1
s−1
)(
d3−2
s−2
)(
d4−2
s−2
)
different s⊗ s⊗ s⊗ s
substates. We have |ϕ〉s⊗s⊗s⊗s = G1 ⊗G2′ ⊗G3 ⊗G4|ϕ〉d1⊗d2⊗d3⊗d4 .
Noting that
(
d4−2
s−2
) ≤ (d4−1
s−1
)
,
(
d2−2
s−2
) ≤ (d2−1
s−1
)
,
(
d3−1
s−1
)(
d4−2
s−2
) ≤ (d4−1
s−1
)(
d3−2
s−2
)
and
(
d2−1
s−1
)(
d3−2
s−2
) ≤(
d3−1
s−1
)(
d2−2
s−2
)
, we have
(
d1 − 2
s− 2
)(
d2 − 2
s− 2
)(
d3 − 1
s− 1
)(
d4 − 1
s− 1
)
C2(|ϕ〉d1⊗d2⊗d3⊗d4) ≥
∑
C2(|ϕ〉s⊗s⊗s⊗s). (27)
Therefore we obtain that
C2(|ϕ〉d1⊗d2⊗d3⊗d4) ≥
1(
d1−2
s−2
)(
d2−2
s−2
)(
d3−1
s−1
)(
d4−1
s−1
)∑C2(|ϕ〉s⊗s⊗s⊗s). (28)
For the mixed state ρd1⊗d2⊗d3⊗d4 , we have
C(ρd1⊗d2⊗d3⊗d4) = min
∑
i
piC(|ϕi〉d1⊗d2⊗d3⊗d4)
≥ 1√(
d1−2
s−2
)(
d2−2
s−2
)(
d3−1
s−1
)(
d4−1
s−1
)min∑
i
pi(
∑
C2(|ϕi〉s⊗s⊗s⊗s⊗s)) 12
≥ 1√(
d1−2
s−2
)(
d2−2
s−2
)(
d3−1
s−1
)(
d4−1
s−1
)min[∑(∑
i
piC(|ϕi〉s⊗s⊗s⊗s⊗s))2] 12
≥ 1√(
d1−2
s−2
)(
d2−2
s−2
)(
d3−1
s−1
)(
d4−1
s−1
) [∑(min∑
i
piC(|ϕi〉s⊗s⊗s⊗s⊗s))2] 12
=
1√(
d1−2
s−2
)(
d2−2
s−2
)(
d3−1
s−1
)(
d4−1
s−1
) [∑C2(ρs⊗s⊗s⊗s⊗s)] 12 ,
(29)
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where the minimum is taken over all possible pure state decompositions of the mixed state
ρd1⊗d2⊗d3⊗d4 in the first three minimizations, the minimum in the last inequality is taken over
all pure state decompositions of ρs⊗s⊗s⊗s, the first three
∑
stand for the summation over all
possible s ⊗ s⊗ s⊗ s mixed subtates |ϕi〉s⊗s⊗s⊗s and the last
∑
stands for summing over all
possible s ⊗ s ⊗ s ⊗ s pure subtates ρs⊗s⊗s⊗s. The Minkowski inequality (
∑
j(
∑
i xij)
2)
1
2 ≤∑
i(
∑
j x
2
ij)
1
2 has been used in the second inequality.
Remark 2. In Theorem 4, we derive the lower bound of concurrence for four-partite
quantum systems, thus Theorem 4 is a generalization of the Theorem 1 given in [18]. Theorem
2 in [14] gives the lower bound of concurrence of m ⊗ n ⊗ l tripartite quantum states, i.e,
C2(ρ) ≥ [(m−2
s−2
)(
n−2
s−2
)(
l−1
s−1
)
]−1
∑
C2(ρs⊗s⊗s). Thus, Theorem 4 is also a generalization of the
Theorem 2 in [14].
Example 2. Let us consider the 2⊗ 2⊗ 2⊗ 3 state
ρ1234 =
1− x
16
I16 + x|ψ〉〈ψ|, (30)
where |ψ〉 = 1
2
(|0000〉 + |0012〉 + |1100〉 + |1112〉) and 0 ≤ x ≤ 1. By Theorem 4, the lower
bound of concurrence is C(ρ1234) ≥
√
7
4
√
x+2x
√
3x+1+4x2+2−
√
x−2x√3x+1+4x2+2
5+3x
. From the lower
bound in [23], one has C(ρ1234) ≥ 3x−12 . From Fig. 1, our bound is better than that of [23]
for 1
3
≤ x ≤ 0.4, showing that our bound from Theorem 4 provides a better estimation of
concurrence than that of [23].
Choosing different subspace dimensions s may give rise to different lower bounds. We can
obtain a new lower bound by convex combination of these lower bounds.
Corollary 1 For a four-partite mixed quantum state ρd1⊗d2⊗d3⊗d4 ∈ H1 ⊗ H2 ⊗ H3 ⊗ H4,
d1 ≤ d2 ≤ d3 ≤ d4, the concurrence is bounded by
C2(ρd1⊗d2⊗d3⊗d4) ≥
∑ m∑
s=2
ps(
d1−2
s−2
)(
d2−2
s−2
)(
d3−1
s−1
)(
d4−1
s−1
)C2(ρs⊗s⊗s⊗s), (31)
where 0 ≤ ps ≤ 1, s = 2, · · · , m,
∑m
s=2 ps = 1,
(
di−2
s−2
)
= (di− 2)!/((di− s)!(s− 2)!), i = 1, · · · , 4,
and
∑
sums over all possible s⊗ s⊗ s⊗ s mixed subtates ρs⊗s⊗s⊗s.
Remark 3. Our above approach can be generalized to multipartite quantum systems,
by taking into account the terms on the right hand side of Eq. (20), |ar1′r2′···rN ′ah1′h2′···hN ′ −
11
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Fig. 2: Lower bounds of concurrence from Theorem 4 (solid curve) and from [23] (dashed line).
ah1′r2′···rN ′ar1′h2′···hN ′ |2, r1′ 6= h1′. Similar analysis provides lower bounds of concurrence for
multipartite quantum states.
4. Conclusion
We derived lower bounds of concurrence for tripartite mixed quantum states ρd1⊗d2⊗d3
by projecting to three-qubit quantum states using the monogamy property of concurrence.
The results are generalized to multipartite quantum systems. Moreover, by analyzing the
concurrence of a pure four-partite quantum state |ϕ〉d1⊗d2⊗d3⊗d4 , we have projected a high-
dimensional four-partite quantum state to lower s-dimensional systems, and lower bounds of
concurrence for any four-partite quantum mixed states are obtained. By detailed examples we
have shown that these bounds are better than other bounds given in the literature.
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